
1224 AIAA JOURNAL VOL. 28, NO. 7

Concurrent Multiprocessing for Calculating Nullspace
and Range Space Bases for Multibody Simulation
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and
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Concurrent multiprocessing algorithms are presented for the calculation of orthonormal bases employed in
the nullspace and range space methods for simulating the dynamics of multibody systems. It is shown that highly
efficient parallel variants of the QR decomposition and modified Gram-Schmidt procedure can be derived by
using a graph theoretic description of system connectivity. The methods developed herein regularly order the
directed graph of the mechanical system, such that the transpose of the constraint matrix has block upper
triangular form, and subsequently assign independent processors tasks based upon the zero fill structure of the
constraint matrix. The derived algorithms are somewhat analogous to certain skyline factorization methods in
finite element methods in that subdiagonal fill is limited to the original block band of the constraint matrix.
Similarly, the numbering of bodies and constraints to achieve a regularly ordered graph can be likened to node
numbering schemes in finite element methods that minimize bandwidth of the system matrix. A thorough
comparison of the newly developed methods show that they are exceptional alternatives to conventional
sequential techniques, as well as other established concurrent orthogonal basis methods.

Introduction

LITERATURE abounds in methods for simulating the
dynamics of constrained multibody systems. At least two

criteria are commonly employed to compare this vast collec-
tion of methods. One means of classifying the methods cate-
gorizes them into those that symbolically generate a system of
governing equations for a problem at hand, and those that
embody a general numerical set of equations appropriate for a
wide variety of problems. Typically, the symbolic methods,
such as Refs. 12 and 25, are more efficient in terms of execu-
tion time, and are often employed in controls applications.
These methods may be restricted in the size of the problem
they can address, due to the inordinate amount of computer
memory required to explicitly factor system coefficient ma-
trices. On the other hand, the numerical methods, such as in
Ref. 22, are often more general in scope and can exploit
sparsity of the governing equations, making them well-suited
for problems with many degrees of freedom.

A second common means of comparing the various formu-
lations considers the set of coordinates used in the formation
of the governing equations. Many approaches use relative
coordinates that determine the orientation of a particular
body with respect to "previous" bodies in a system of bodies
comprising a chain, or topological tree.3 Closed-loop systems
are considered by appending constraints of loop closure to
those arising from a reduced system having tree topology.
The relative coordinate methods have the advantage that the
number of coordinates employed is minimal, but the methods
can be complicated to implement.26 A popular alternative to
relative coordinates is the use of "global Cartesian" coordi-
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nates.22'24 This choice of a redundant formulation has the
disadvantage of increasing the number of coordinates beyond
the minimum required, but is advantageous in its generality,
ease of formulation, and ease of implementation.

One quite recent group of redundant formulation methods
eliminates the constraint force contributions, and thereby
avoids a potential source of numerical difficulty in the solu-
tion procedure.2'23'26 These methods have been referred to as
the nullspace methods,5 tangent coordinate methods,1 and
methods based on Maggi's equations.15 Another related, and
in some sense complementary, redundant formulation that
eliminates the constraint force contributions is the "range
space" method.1'14'19 Perhaps the single most important draw-
back of the nullspace formulation is that an orthogonal basis
must be calculated for the nullspace of the constraint matrix at
certain time steps. Iri some instances, the particular formula-
tion requires the calculation of an orthogonal basis at every
time step, as in Refs. 15 and 23, although the calculation is
performed only at certain time steps in other formula-
tions.5'11'18 Similarly, the most stable implementation7 of the
range space formulation also requires the calculation of an
orthogonal basis, but, in this case, for the range of the trans-
posed constraint matrix. Different authors have spent consid-
erable effort, and justifiably so, in deriving variants of both of
these methods that are computationally efficient.

However, even though most of these methods are quite
robust, they are not yet cost effective as regards applications
to problems having many degrees of freedom, as is commonly
encountered in the simulation of large space structures and
complex flexible mechanisms. The task of accommodating
more computationally intensive problems must be addressed.
This point is clearly illustrated by Gluck,8 who cites examples
in which the ratio of sequential simulation time to real-time
transient response time can easily exceed a factor of 800. In
other words, simulation of a transient event transpiring over 1
minute may require 13 hours of cpu time, depending on the
complexity of the model, equation formulation method, and
the specific sequential computing machine.

The advent of concurrent multiprocessors, or parallel com-
puters, provides a fruitful framework within which to develop
new highly efficient dynamics simulation techniques. To some
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extent, the introduction of concurrent multiprocessors renders
discussion of sequential algorithm efficiency obsolete. Some
research into concurrent multiprocessing methods for multi-
body dynamics is already underway. In one example, Bae and
Haug3 achieve excellent results for a single problem by deriv-
ing explicit governing equations via a recursive relative coordi-
nate formulation, and balancing the work load among proces-
sors by hand using the directed graph for the system. Still, the
authors are aware of no published research into concurrent
multiprocessing methods applicable to the large class of gen-
eral, numerical/redundant nullspace formulations that exist
today.

This paper presents concurrent multiprocessing algorithms
that may be used in conjunction with either the nullspace or
range space methods for simulating the transient dynamics of
multibody systems. Specifically, since it is demonstrated in the
paper that a dominant computational step in these methods is
the calculation of an orthonormal basis, this research focuses
upon means of effectively calculating, in a concurrent multi-
processing environment, the bases required by the nullspace
and range space simulation methods. Concurrent algorithms
designed expressly for dynamics simulations that are variants
of methods such as the QR decomposition and modified
Gram-Schmidt procedure are introduced. These methods use
the directed graph of the system to automatically balance the
work load among the independent processors. The concurrent
algorithms to be described herein have been designed in the
hope of being flexible and general enough so that the proce-
dures can be exploited by many of the existing methods.

Nullspace and Range Space Equations for Dynamics
Despite the fact that the details involved in implementing a

simulation method for multibody systems can vary consider-
ably, some difficulties have been documented23'26 in methods
that explicitly retain undetermined multipliers in their integra-
tion process. Consequently, several recent methods have been
developed that eliminate these "algebraic" unknowns either
analytically or numerically at each time step. This class of
techniques can be derived by starting with the first-order sys-
tem of "differential-algebraic" equations and corresponding
constraint equations governing the dynamics of a constrained
mechanical system.

(i)
cy + d = 0 (2)

In Eq. (1), M is an N x TV system coefficient matrix, c is a
D x N constraint matrix, y and g are TV-vectors and X, d are
D -vectors. If a Lagrangian formulation, as in Ref. 22, is
utilized, the vector y contains derivatives of generalized coor-
dinates. In the case where Kane's equations,25 Jourdain's prin-
ciple,12 or Newton-Euler methods are employed, y may con-
tain derivatives of quasicoordinates.

Both the nullspace and range space formulations of the
governing equations can be derived from Eq. (1) by decom-
posing the space in which the vector y is contained. By intro-
ducing the definition of the nullspace of the constraint matrix
c and the range of c r,

nullspace (c) = (xtRN:cx = 0} (3)

range (CT) = {xtRN:3ytRD with x = cTy] (4)

the rank-nullity theorem guarantees that a direct sum decom-
position of RN is possible.

RN = nullspace (c) © range (CT) (5)

Consequently, the TV-vector of unknown derivatives y can be
expressed as the sum of two orthogonal components at a
specific time t

where £ and rj are / = TV — D and D-vectors, respectively, and
A is an TV x (TV — D) matrix whose columns span the
nullspace of c. By differentiating the constraints in Eq. (2) and
utilizing Eq. (6), one can find that

-cT(ccT)~l(cy + d) (7)

The nullspace equations for constrained dynamics result from
substituting Eq. (7) into Eq. (1) and premultiplying by A r, so
that

= (ATMA)-l[ATg + ATMcT(ccTrl(cy + d)] (8)

and

y = A(A TMA)-{[A Tg + A TMcT(ccTrl(cy + d)}

-cT(ccT)~\cy + d) (9)

A special case of these equations for a particular choice of
nullspace basis A can be found in Ref. 23. A diverse variety of
choices exist for the selection of the basis for the nullspace in
Eq. (9). Several possible selections are outlined in Jalon5 and
Kurdila.15

It should be noted that the governing Eq. (9) has been
derived by assuming that the constraints are, at worst, of the
"linear, nonholonomic" type. If it is assumed that the con-
straints are instead of the "holonomic, scleronomic" form, an
alternative form for the nullspace equations can be derived via
a decomposition having the structure

y = A't + A[ (10)

Although the final nullspace equations derived in this fashion
are subtly different from those shown in Eq. (9), they have the
same character.1'5 That is, both representations are functions
of the nullspace matrix A, and the concurrent algorithms
presented in this paper are applicable.

Another way of solving for the vector of derivatives y in
Eqs. (1), using the orthogonal decomposition in Eq. (6), leads
to the range space equations. If one premultiplies Eq. (1) by
cM~l and substitutes Eq. (6) for the vector y, the undeter-
mined multipliers are then

j; = A £ + c Ti) (6)

cO'Mo' + d+ cM~lg] (11)

Hence, the governing equations can be expressed as

y = M~l[g -c^cM-'c7)-1^ + d) + c M ~ l g ] } (12)

Equation (12) is referred to as the "range space equation" for
constrained multibody dynamics. Various forms of this equa-
tion have appeared in dynamics formulations in recent litera-
ture.1'19'21'27

Computational Complexity Analysis
When developing a concurrent multiprocessing algorithm

for a particular task, it is imperative to identify those steps
that constitute the greatest computational cost. Only in this
fashion may an efficient parallel method be designed. In this
section, a brief discussion of the computational cost associ-
ated with the nullspace and range space formulations is pre-
sented. Although significant portions of the overall simulation
time may be attributed to both the formation of the system of
nonlinear, differential-algebraic equations and to the actual
solution of the system for y, the focus of this paper is on the
latter contributions. Surprisingly, despite the fact that the
nullspace and range space formulations are in a sense comple-
mentary, it is shown in this section that the calculation of an
orthogonal basis at specified time steps dominates the overall
solution time in both methods.
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When some forward time-marching algorithm is applied to
the nullspace equation in Eq. (9), the nonlinear right-hand side
of the equation must be evaluated at several specific values
of /, and y must be defined by the integration rule. Assuming
that the nonlinear system coefficient matrix M, constraint
matrix c, and vector g have been formed at the specified
integration time, then the solution of Eq. (9) for the deriva-
tives y entails the following primary (cubic order) computa-
tional steps:

1) Calculation of an orthogonal basis for the nullspace of
the constraint matrix

2) Formation of the reduced system coefficient matrix
ATMA

3) Factorization of the reduced system coefficient matrix
ATMA

The determination of a similar breakdown for the time
spent solving the range space [Eq. (12)] for the derivatives y is
a bit more complicated. The difficulty arises when one at-
tempts to factor the coefficient matrix cM~lcT appearing in
Eq. (12). The error induced in factoring this matrix directly is
bounded by7

K(M) (13)

where /c(*) denotes the condition number of the matrix *.9
When the condition number of the constraint matrix is large,
as is the case when a system of constraints becomes nearly
redundant, the above bound indicates, heuristically, a rela-
tively large induced error. A means of circumventing this prob-
lem is to employ an orthogonal factorization of the constraint
matrix CT

cr=OP (14)

16

where O is an TV x D orthogonal matrix and P is a D x D
upper triangular matrix. With this factorization, the calcula-
tion of cM~lcT is achieved by using the identity

(15)

The factorization of P and PT above are easily achieved due to
the upper triangular form of P. In addition, the factorization
of OTM~1O induces an error that is bounded by

MO)]2 K(M) = K(M) (16)

since O is orthogonal and /c(O) = 1. When this procedure is
used to calculate the factorization of cM~lcT, the solution of
the range space equations for the derivatives y entails the
following primary computational steps:

1) Calculation of an orthogonal basis for the range space of
the constraint matrix c.

2) Factorization of the system coefficient matrix M.
3) Formation of the reduced system coefficient matrix

cM~lcT.
4) Factorization of the reduced system coefficient matrix

cM~lcT.
Of the operations tabulated above for the nullspace and

range space formulations, concurrent strategies for matrix
factorization have been explored extensively. Furthermore,
the products cM~ lcT and A TMA are rather straightforward to
calculate in a concurrent computing environment. Hence, the
focus of this paper is the investigation of concurrent orthogo-
nal basis algorithms for multibody simulation.

Sequential Computing Example
Although the last section enables one to identify the primary

computational steps, a concrete example helps one to fully
appreciate the extent to which the calculation of an orthogonal
basis dominates the solution time in the nullspace and range
space methods. The example mechanism considered in this
paper is shown in Fig. 1. It is comprised of 12 uniform, rigid
bars having 6 deg of freedom each. The system is connected by
16 spherical joints. A body fixed coordinate system Bt is
attached to the center of mass of each bar /'. A dextral set of
basis vectors for each frame /?/ is denoted (Sm)/, m = 1---3. A
system of basis vectors for the inertial frame / are given by ln ,
n = I- -3, and lmn are the direction cosines forming the orthog-
onal transformation of basis

(17)

The geometric and material properties of each bar are

M = 44.32 kg
A = 2.S21E -3m 2

L
/,
Ia
p

= 14.77 kg-m2

-0.020 kg-m2

= 7838 kg/m3

= Mass
= Cross-sectional area
= Length
= Transverse inertia
= Axial inertia
= Density (18)

When the derivatives of the quasicoordinates for body / are
selected to be

(XCl)i = ( v c - l i ) i (19)

(co/)/ = (7coB • &i)i (20)

where (XCl)j is the /th coordinate of the center of mass of body
/, and (co/)/ is the /th component of the angular velocity of
body / in the / frame, a quasicoordinate method can be em-
ployed to generate a system of governing equations having the
form shown in Eq. (I).14

Fig. 1 A 12 rigid bar mechanism. cy + d = 0

(21)

(22)
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Fig. 2 X location, center of mass bar 5.

With this choice of method for formulating the equations of
motion, the parameters Nt I, D from the second section are

TV = 12 X 6 = 72
D = 16x3 =48
/ = TV - D = 24

(23)

Thus, Mis a 72 x 72 matrix, c is a 48 x 72 matrix, g is a vector
of length 72, and X is a vector of length 24. Since the system
shown has closed loop topology, the number of independent
constraints may be less than D for some (or all) configurations
of the system. However, during the simulation carried out in
this example, the constraint matrix maintained a full row rank
equal to D.

In the simulation, the system is subject to two forces. The
horizontal force F\ and the vertical force F2 shown in Fig. 1
are given by

FI= - 20 smut ?} Newtons, 0 < t < 1.5 s (24)

F2 = - 50 ?2 Newtons t > 0 (25)

The transient response is calculated for roughly 13s, using an
Adams-Bashforth-Moulton explicit predictor-implicit correc-
tor integration scheme with a constant time step of 0.075 s.
Both the nullspace and range space formulations are employed
to evaluate derivatives y and yield the same results. The X
location of the center of mass of bar 5 during the simulation
is shown in Fig. 2. As expected, the response peaks while the
force F! is nonzero and rapidly decays after the force is re-
moved. The maximum error norm emax of constraint violation
at the spherical joints

maximum
k = 1,16

(26)

remained on the order of 10~6 throughout the time period of
interest. In the above equation, R^ and R*2 are the locations in
the inertial frame of the kih spherical joint connecting bodies
si and 52, respectively.

The lists below summarize the time spent during several
phases of the solution process using the nullspace and range
space methods. A Gfveris-based QR decomposition and the
modified Gram-Schmidt procedure are used to calculate the
bases for the nullspace and range space, respectively, of the
constraint matrix c. Both tables indicate the times in terms of
1/50 of a second for a single evaluation of the right-hand side
of Eqs. (9) and (12) to calculate the derivative terms y.

Table 1 Nullspace timing results

Orthogonal basis calculation 914 83 %
Formation/factorization 143 13%
Quadratic order 41 4%

Table 2 Range space timing results

Orthogonal basis calculation 440 40%
Formation 497 45%
Factorization 136 12%
Quadratic order 12 1%

Clearly, the calculation of an orthogonal basis constitutes a
significant portion of the overall solution time in both meth-
ods. From the first table, the calculation of an orthogonal
basis for the nullspace of the constraints using a Givens QR
decomposition is seen to require over 80% of the total solution
time. The formation and factorization of the system coeffi-
cient matrix ATMA requires a mere 13% by comparison.
When the range space equations are employed, the calculation
of an orthogonal basis via the modified Gram-Schmidt proce-
dure for the range of the constraints takes 40% of the solution
time.

Concurrent Orthogonal Basis Calculation
Graph theoretic principles have been employed in the simu-

lation of multibody systems for the last twenty years. The now
classical multibody formalism of Wittenburg27 is one example
of a robust method that makes use of graph theory in the
formation and solution of the governing system of differen-
tial-algebraic equations. Perhaps the primary advantage asso-
ciated with a graph theoretic approach to multibody dynamics
is that the formulation permits elegant analytical solutions to
be written for quite complicated systems. In addition, the
method naturally lends itself to the considerable "account-
ing" required in a general multibody simulation program. In
this section, it is demonstrated that there are significant com-
putational reasons for employing a graph theoretic approach
in the range space and nullspace methods for simulating tran-
sient response. Specifically, the process of generating a "regu-
larly ordered" graph associated with a multibody system en-
ables extremely efficient concurrent algorithms for the
calculation of orthogonal bases for the range space and
nullspace of the constraints.

Graph Theory and Constraint Matrix Sparsity
A complete description of the application of graph theory to

the transient simulation of multibody systems is beyond the
scope of this paper. A treatment more detailed than that which
follows can be found in Wittenburg.27 Fortunately, only the
most fundamental concepts from a graph theoretic approach
to multibody dynamics is required in this paper. In particular,
there are diverse ways of mathematically representing the in-
terconnection structure of a mechanical system via the "di-
rected graph" of the mechanism. For the purposes of the
concurrent methods to follow, however, it suffices to describe
the "incidence matrix" of (the directed graph associated with)
a mechanical system. In an intuitive sense, that incidence
matrix specifies which bodies are connected by a certain con-
straint. The elements of the incidence matrix are defined by

1 if constraint / leaves body k
• = <j — 1 if constraint / enters body k

0 otherwise (27)

In other words, each column of the incidence matrix corre-
sponds to a certain hinge. There are exactly two nonzero
entries in any column after the first column, each entry repre-
senting one of the two bodies that are connected by the con-
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A = (28)

straint. For example, the incidence matrix for (the directed
graph of) the system in Fig. 1 is

1 1 1
-1 1 1

-1 1 1
-1 1

-1 1
-1 1

-1 1
-1 1

-1
-1

-1

For different numberings of the constraints and bodies, not
every incidence matrix has the upper triangular form shown
here. However, every (directed graph corresponding to a)
mechanical system with tree topology can be numbered such
that the incidence matrix has the upper triangular form of the
example above.27 For specific classes of constraints and
choices of generalized coordinates, the structure of the inci-
dence matrix can reflect the block sparsity structure of the
actual constraint matrix.13'14

Perhaps the most straightforward way to illustrate exactly
how the block sparsity structure of the constraint matrix is
affected by system connectivity is by considering an example.
Referring to the example presented in section 2, constraint
that body / is connected to body j by a spherical joint is written
as

{ vc x rs } i r — { vc + ro}B x rs ]j = 0

[XCl mnumrSn }/ - [XCl - = 0

l^sphericall / / 5 \ I. ̂  spherical]

(29)

(30)

(31)

where rs is the location in the body-fixed basis of the spherical
joint and ekmn is the Levi-Civita permutation symbol. The set
of constraints corresponding to all of the hinges in the mecha-
nism in Fig. 1 can be formed simply by rewriting the constraint
equation above for every pair of bodies that are connected by
a ball joint. When all of these constraints are assembled to-
gether, they can be collected in matrix form, as discussed in
the second section

Cy + d = 0 (32)
where the system constraint matrix is comprised of specific
constraint matrices, such as [C]s above. The block fill pattern
of the particular constraint matrix for the mechanism in Fig.
1 is depicted below.

It is clear from this illustration that the block sparsity pattern
of the constraint matrix in this case depends upon the number-
ing scheme for the bodies and hinges making up the mecha-
nism. Specifically, the transpose of the constraint matrix has a
block structure that is identical to the zero/nonzero structure
of the incidence matrix of the associated directed graph.

In Kurdila,13'14 it is shown that this observation can be
generalized to hold for a wide class of formulations under
mild restrictions regarding the choice of coordinates and type
of constraints. More importantly, the procedure above can be
extended to form the foundation of efficient concurrent multi-
processing techniques for the nullspace and range space simu-
lation techniques. In the next section, methods are described
that utilize the zero/nonzero structure of the incidence matrix
to assign independent processors "noncolliding" tasks when
calculating orthogonal bases for the range or nullspace of the
constraints.

Concurrent Columnwise QR Decomposition
The QR decomposition of an N x D matrix c T is defined by

the relationship

cT=QR = [Ql Q2] (33)

where Q is an TV x TV matrix, R is an TV x D upper triangular
matrix, Ql is an TV x D matrix, Q2 is an TV x (TV — D) matrix,
and Ru is a D x D upper triangular matrix. The useful charac-
teristics of this decomposition to multibody simulation proce-
dures are that the columns of Q{ form an orthonormal basis
for the range of the matrix c7, whereas the columns of Q2
form a orthonormal basis of the nullspace of c. Perhaps the
most common means of calculating the QR decomposition of
a matrix CT is by the Householder orthogonalization proce-
dure. In this method, a sequence of orthogonal Householder
transformations are applied to the matrix CT. Each transfor-
mation has the property that it zeroes all subdiagonal elements
of one of the columns of the matrix CT. Many of the most
general commercially available versions of software to per-
form a QR decomposition use this approach. It should be
noted that this technique often makes no use of sparsity, or
any special structure, of the matrix CT.

A second, normally less efficient, means of calculating the
QR decomposition of a matrix CT can be obtained by using
orthogonal Givens transformations. The Givens orthogonal-
ization approach is similar to the Householder method in that
the QR decomposition is achieved by applying a sequence of
orthogonal transformations Q^ to the matrix CT.

= HL o J (34)

Each Givens transformation has the form of the identity ma-
trix "modulo, a 2 x 2 rotation matrix." Details of the defini-
tion of a Givens rotation matrix can be found in Ref. 9.

As opposed to the Householder method, the parameter /3 in
each Givens transformation is selected such that only one
subdiagonal entry in CT is zeroed upon application. From the
form of the Givens rotation matrix, it is evident that premulti-
plication of a matrix by Q(k) alters only two rows of that
matrix. Consequently, by applying several rotations in a se-
quence,9 all subdiagonal entries of the matrix CT can be ze-
roed, and the QR decomposition of CT is generated.

(35)

Although a Givens based QR decomposition method is usually
not as efficient as the Householder algorithm, the fact that the
Givens method can selectively zero elements of a matrix has
made it attractive in certain circumstances. For applications
involving sparse matrices10 and updates of QR decomposi-
tions,6 the method is quite convenient.
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Still another area in which the Givens-based QR decomposi-
tion has enjoyed much success is in the field of parallel compu-
tation. Concurrent multiprocessing algorithms for Givens-
based QR decompositions have appeared in Cosnard,4 Lord,17

and Sameh.20 The philosophy behind each of these techniques
is, in fact, quite similar. Since the application of a Givens
rotation affects only two rows of the matrix to which it is
premultiplied, Cosnard,4 Lord,17 and Sameh20 have suggested
different schemes in which "noncolliding" Givens transfor-
mations are applied concurrently to the same matrix by inde-
pendent processors. In effect, each method creates a more
complicated orthogonal transformation that zeroes several
subdiagonal elements of the matrix CT by creating the "direct
sum" of several Givens orthogonal rotation matrices. Several
different ways of collecting the Givens rotations into groups
that can be applied concurrently are possible, and some are
summarized in Ref. 29.

However, for application to problems in simulating con-
strained dynamical systems, the methods in Cosnard, Lord,
and Sameh have the disadvantage that they are effective only
for densely filled matrices. Consider the "greedy" algorithm
discussed in Cosnard.4 In this algorithm, subdiagonal ele-
ments of the matrix CT are zeroed out, starting with the lower
left corner element and proceeding upwards and to the right.
No provision is made for the fact that the matrix cT may be
sparse or block structured, and considerable fill-in of nonzero
elements can occur as the algorithm proceeds. This is a serious
deficiency for sparse or highly structured matrices.

This fill-in problem, which necessitates zeroing many more
entries in the matrix CT than are originally nonzero, can be
alleviated by developing a concurrent algorithm that utilizes
the potential band structure of the constraint matrix. This goal
can be achieved by first numbering the bodies and hinges of
the mechanical system to generate a regularly ordered graph.
Using the system of coordinates selected in this work, the
transposed constraint matrix is then guaranteed to block up-
per triangular form. It is then possible to derive a Givens
annihilation pattern that minimizes the number of rotation
matrices that must be applied, and reduces the subdiagonal
fill-in to within the original block banded region.13'14 The
algorithm is based upon the fact that Givens rotations can be
used to zero one-half of the elements in a particular column
that lie below all nonzero entries in all columns to its left. This
algorithm is denoted the concurrent columnwise QR decom-
position and is summarized as follows:

cT=[cf-el} (36)

(37)

1) Order the directed graph of the constrained system to
generate a regularly ordered graph, and drive CT to block
upper triangular form. Store the length of the nonzero portion
of each column.

4) Concurrently apply all Givens transformations for this
concurrent cycle k.

lc. — length of column j, j -\ •- D (38)

2) Generate the columnwise sequence of Givens transfor-
mations based upon the upper banded structure of CT. The
details involved in deriving the transformation sequence can
be found in Refs. 13 and 14. Store the sequence in which the
Givens transformations are to be applied:

QT(lJ\ Ip, TVcycle) (39)

where / andy are the row numbers affected by this transforma-
tion, Ip is the processor to apply the transformation, and 7Vcycle
is the concurrent cycle in which the transformation is applied.

3) Loop for the number of concurrent cycles: k = 1 •••
^cycle-

I create and apply
L QTdiJi; 1,*
r create and applyl 1

create and apply
QTdNa,JN-,Np,k

processor 1

processor 2

processor Np (40)

Concurrent Modified Gram Schmidt Procedure
In the last section, it was demonstrated that an efficient

concurrent multiprocessing algorithm can be derived for a
Givens-based QR decomposition by using the fact that the
transposed constraint matrix has block upper triangular form.
The resulting concurrent QR decomposition can be employed
in either the nullspace or range space methods for multibody
simulation. In this section, a similar strategy enables efficient
concurrent multiprocessing versions of the modified Gram-
Schmidt procedure to be developed. Various forms of the
sequential version of the Gram-Schmidt procedure have ap-
peared in the literature on the nullspace equations for multi-
body simulation.5'16

In terms of a decomposition, the modified Gram-Schmidt
procedure can be viewed as another means of achieving an
orthogonal factorization of the TV x D matrix CT

cT=OP (41)

In the above equation, O is an TV x D matrix, and P is a
D x D upper triangular matrix. It is a property of the decom-
position that the columns of O form an orthonormal basis for
the range of c T. The procedure by which the matrices O and P
are generated has a simple geometric interpretation. Starting
with the first (left-most) column of c r, each column is normal-
ized to unit length, and subsequently, its orthogonal projec-
tion is subtracted from all columns to its right. In this fashion,
an orthonormal basis for the range of cris generated. Because
the algorithm is structured to subtract the orthonormal com-
ponent of a certain column from several columns to its right,
it is not difficult to devise a scheme whereby several indepen-
dent processors perform the orthonormalization concurrently.
In effect, each processor "cascades" over all columns to the
right of the current column, subtracting the orthogonal com-
ponent of the current column from every Npth column, where
Np is the number of processors. This algorithm is summarized
as follows:

Concurrent Modified Gram-Schmidt

nT _ \nT nT\c - [c} ~-cD\

1) Loop for columns: (j = \-~D).
2) Normalize column j. /

(42)

(43)

cj = cT/Pu (44)

3) Calculate the number of concurrent cycles: Ncyc\Q.

7Vcyde - (Np + D - l)/Np (45)

4) Loop for concurrent cycles: / = l---Ncycie.
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5) Concurrently subtract orthogonal components.

(processor 1

cl,=<
processor 2

/•processor Np (46)

Because the intent of this paper is to derive concurrent
algorithms expressly for problems arising in the simulation of
system dynamics, still further improvements to the above tech-
nique are possible. Just as in the columnwise QR method
discussed in the last section, one can make use of the block
sparsity structure of CT to increase the efficiency of the modi-
fied Gram-Schmidt procedure. By simply using a regular or-
dering for the specific constrained mechanical system, one is
assured that much of the above work in the modified Gram-
Schmidt procedure need not be carried out. Once the length of
each column is known, the inner products and vector updates
in the above algorithm need only be carried out for the
nonzero portion of the column. Normally, these savings in
computational work would not be worth the effort involved in
determining the column lengths. Yet, since the constraint ma-
trix is certain to have block upper triangular form, and be-
cause the column lengths must be calculated only once, the
savings in execution time are significant.

Comparison of the Concurrent
Orthogonal Basis Methods

A preliminary comparison of the concurrent multiprocess-
ing algorithms described in the last three sections of this paper
has been conducted using the FLEX 32 concurrent multipro-
cessing computer at the Georgia Institute of Technology. The
system is comprised of eight independent processors, each
having two megabytes of local memory accessible by only one
processor, and four megabytes of shared, or global, memory
accessible by all processors. The primary goals of the investi-
gation have been to determine the following:

1)- What is the asymptotic performance increase relative to
sequential computing techniques of each algorithm? What
parameters control this performance increase?

2) At what point do "diminishing returns" obviate the need
for additional processors?

3) What effect does regular ordering of the directed graph
have upon the performance of the various algorithms?

The study has been conducted in two phases. First, the
asymptotic performance of each algorithm has been measured
experimentally as a function of the constraint matrix order
and number of processors. In this part of the study, the
matrices are created automatically, and are either full or block
upper triangular, depending upon the algorithm to be tested.
Obviously, for some of the algorithms the fill pattern has no
effect upon its efficiency, whereas on others it has a profound
effect. The second phase of the study looks at the performance
of two of the algorithms during the simulation of a con-
strained mechanical system.

Asymptotic Performance
Ideally, the introduction of Np independent processors for

calculating the solution to a given problem should result in an
execution time that is Np times faster than that achieved with
only one processor. Such an increase in performance is realiz-
able, unfortunately, only in the case of problems that are
comprised of Np uncoupled subproblems. In actuality, syn-
chronization and communication can result in decreases in
execution time that are considerably less than this optimum.
This effect lessens in severity as the fraction of computational
work that can be done in parallel becomes much greater than
that which must be done sequentially. In other words, prob-
lems of greater size typically have execution times that more
closely approach the theoretical limit for a given algorithm.
Clearly, any viable concurrent multiprocessing algorithm
should approach this ideal level of efficiency in the limit of
large problems.

Although it is certainly a sound policy to require all viable
concurrent algorithms to approach this ideal performance in
the limit of large problems, one must consider the perfor-
mance of the algorithms relative to other potential methods.
For example, even though a specific algorithm may be "highly
parallelizable" and closely approach its ideal execution time,
it may still be slower than other methods. For these reasons, it
has become necessary to select relative performance measures
for the concurrent algorithms. Although several comparative
measures of efficiency and performance of parallel algorithms
have been defined, no single index seems universally appropri-
ate.29 In this paper, the relative speed-up of an algorithm has
been selected because of its simplicity in form. The relative
speed-up of a parallel algorithm is defined to be

___execution time of the fastest algorithm
execution time of the algorithm with Np processors

(47)

where Np is the number of processors employed by the
method. One source of difficulty in defining the relative
speed-up, as defined above, is that it requires an agreement on
what constitutes the "best" or "fastest" sequential algorithm
available. For the class of problems at hand, this choice is not
clear. Although the modified Gram-Schmidt procedure is ap-
proximately one-half as costly as a Householder QR decompo-
sition, and several times as efficient as a singular value decom-
position, it can generate an orthonormal basis that is of a
slightly poorer quality.9 This characteristic of the method can
be a source of concern in application to problems in con-
strained dynamics.16 To give as objective a comparison as

One-Sided Greedy
Jacobi SVD QR

Column-
wise QR

Concurrent
MGS

Column-
Wise MGS

Fig. 3 Relative speed-up for range space basis (QR).
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Greedy QR Columnwise QR MGS

Range Space Method
Columnwise MGS

Fig. 4 Relative speed-up for range space basis (MGS).

possible, the relative speed-up of the various techniques have
been normalized with respect to two different methods. One
comparison employs the sequential modified Gram-Schmidt
procedure as the standard for comparison. A second relative
speed-up is calculated using the sequential Greedy QR decom-
position. This latter algorithm has been selected because it is in
some sense the "optimal" Givens annihilation pattern, and
has a concurrent version.4

Figures 3 and 4 succinctly represent the outcome of the
comparison of the various concurrent techniques in terms of
the relative speed-ups defined above. With respect to the exe-
cution time for the Greedy QR decomposition, the concurrent
modified Gram-Schmidt procedures are by far the most effi-
cient algorithms for calculating an orthogonal basis for the
range space of the constraints. The concurrent and column-
wise modified Gram-Schmidt procedures have yielded speed-
ups for the 100 x 50 matrix of approximately 15 and 23,
respectively. In other words, it is estimated that on 7 proces-
sors, these concurrent algorithms require around 1/15 and
1/23 of the execution time required by the sequential House-
holder QR decomposition to calculate an orthonormal basis
for the range of the constraint matrix. After the modified
Gram-Schmidt methods, the Givens-based concurrent colum-
nwise and concurrent Greedy QR decompositions are seen to
have relative speed-ups near 15 and 5, respectively, for the
100 x 50 matrices using 7 processors. It must be kept in mind
when interpreting these results, however, that these encourag-
ing relative speed-ups are due to several different factors:

1) The parallelism induced by the algorithms
2) The columnwise algorithms that order the constraint

matrix first and then operate only on the nonzero block band,
thereby resulting in a faster sequential method

3) The sequential modified Gram-Schmidt procedure that
is (roughly four times) faster than the sequential Greedy QR
decomposition

Consequently, the relative speed-ups are not due solely to
parallelism, but due to the fact that the sequential methods
appearing in the literature make no use of the special block
upper triangular structure of the constraint matrix. These
comparisons are important to those currently employing "off
the shelf" matrix packages that do not consider the sparsity of
the matrix.

A more pessimistic comparison of the merits of the various
algorithms is achieved by normalizing the relative speed-ups
with respect to the sequential modified Gram-Schmidt proce-
dure. Figure 4 illustrates that the columnwise QR, concurrent
modified Gram-Schmidt, and columnwise modified Gram-
Schmidt require about 1/4, 1/4, and 1/6, respectively, of the
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Fig. 5 Execution time for nullspace solution of derivatives.
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Fig. 6 Execution time for range space solution of derivatives.

execution time of the sequential modified Gram-Schmidt
procedure.

Performance for the Example Mechanism
As a final comparison, two of the concurrent algorithms

have been employed as part of the nullspace and range space
formulations for the problem considered in the third section.
The same transient response is obtained with both methods,
and is identical to that achieved in the sequential simulations
shown in Fig. 2. Figures 5 and 6 depict the time required to
calculate once the derivatives y in Eqs. (9) and (12). As illus-
trated in Fig. 5, the solution time for the nullspace equations
is reduced by a factor of 4 when the columnwise QR decompo-
sition is used to calculate the nullspace basis. Similarly, the
solution time for the range space equations is reduced by a
factor of 3 when the columnwise modified Gram-Schmidt is
used to solve for the derivatives.

Conclusions
Several recent papers have presented methods that simulate

the transient response of constrained dynamical systems by
eliminating the constraint contributions to the governing
equations. One class of these techniques generates a basis for
the tangent, or nullspace, of the constraint matrix; another
generates a basis for the range space to eliminate the con-
straint forces and torques. Much of the recent work in this
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area focuses upon means of estimating and improving the
computational efficiency of the methods, due to the cost in-
curred in the governing nonlinear system of equations.

However, the methods presented have been designed solely
for utilization on sequential processing computers. To some
degree, comparisons of the efficiency of these methods based
upon sequential processing methods have been rendered inad-
equate, due to the introduction of parallel processors. In this
paper, three concurrent multiprocessing algorithms for calcu-
lating an orthonormal basis for the range space and/or
nullspace of the constraints have been derived. These methods
are appropriate for use with a wide class of equation formula-
tion techniques. A study and comparison of the performance
and efficiency of the methods has shown that they provide
exceptional alternatives to conventional sequential algorithms,
as well as other established concurrent methods.

It has been shown that the improvement in the performance
of the algorithms presented in this paper can be attributed to
both 1) the parallelism induced in each technique, and 2) the
block upper triangular form induced in the constraint matrices
by employing a regularly ordered directed graph for the me-
chanical system. This last factor emphasizes the computa-
tional advantages associated with the use of graph theory for
nullspace methods. Finally, it is shown that the newly devel-
oped columnwise QR decomposition and columnwise modi-
fied Gram-Schmidt have characteristics reminiscent of "sky-
line" equation solvers employed in finite element methods.
The approaches limit subdiagonal fill-in to below the main
diagonal only within the block lower band of the matrix.
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